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Abstract

We investigate N-extended supersymmetry in one-dimensional quantum
mechanics on a circle with point singularities. For any integer n, N = 2n + 1
supercharges are explicitly constructed in terms of discrete transformations,
and a class of singularities compatible with supersymmetry is clarified. In our
formulation, the supersymmetry can be reduced to M-extended supersymmetry
for any integer M < N. The degeneracy of the spectrum and spontaneous
supersymmetry breaking are also studied.

PACS number: 11.30.Pb

1. Introduction

A point singularity in one-dimensional quantum mechanics may be considered, in general, as a
localized limit of a finite range potential and is parametrized by the group U (2) [1-3], and the
parameters characterize connection conditions between a wavefunction and its derivative at the
singularity. The varieties of the connection conditions lead to various interesting phenomena,
such as duality [4, 5], the Berry phase [6, 7], scale anomaly [8] and supersymmetry [9—12].

N = 1or N = 2 supersymmetry in the model of a free particle on a line R or an interval
[—1, 1] with a point singularity was discussed in [9]. In [11], this work was extended to N = 4
supersymmetry in the model on a pair of lines or intervals each having a point singularity.
In [10], N = 2 supersymmetric model with a superpotential was constructed on a circle
with two point singularities. The supercharges are represented in terms of a set of discrete
transformations {P;, Q;, R}, which forms an su(2) algebra of spin 1/2. In [12], this work
was extended to N = 2n supersymmetry by putting 2" point singularities on a circle, and
N = 2n supercharges are explicitly constructed in terms of # sets of discrete transformations
{P1, Q1, R1}, ..., {Pyn, Qn, R,,} on the circle.

0305-4470/05/378053+30$30.00  © 2005 IOP Publishing Ltd  Printed in the UK 8053


http://dx.doi.org/10.1088/0305-4470/38/37/009
mailto:tnagasaw@kobe-u.ac.jp
mailto:dragon@kobe-u.ac.jp
mailto:takenaga@het.phys.sci.osaka-u.ac.jp
http://stacks.iop.org/ja/38/8053

8054 T Nagasawa et al

We would like to emphasize that the study of supersymmetry in one-dimensional quantum
mechanics with point singularities has a physical application to higher dimensional gauge
theories. It has been shown that a quantum-mechanical supersymmetry is hidden in any gauge
invariant theories with extra dimensions [13—15]. In [14], the hierarchy problem at tree level
has been solved in a scenario of gauge theories with compact extra dimensions with boundaries
[16]. Then, the hidden quantum-mechanical supersymmetric structure as well as the choice
of boundary conditions has been found to be crucial, and the analyses in [10, 12] have turned
out to give a powerful tool to derive all possible sets of boundary conditions.

In this paper, we study N = 2n + 1 supersymmetry on a circle with 2" point singularities,
and give full details of the analysis. The N = 2n + 1 supercharges are explicitly constructed
in terms of n + 1 sets of discrete transformations

{Plv le R1}7 R {Pns an Rn}a {Pn+lv Q}’H—]v 7zn+l}-

Since the model contains point singularities, we need to impose appropriate connection
conditions there. We succeed in clarifying a possible set of connection conditions compatible
with the N = 2n + 1 supercharges. Thus, the N = 2n + | supersymmetry can be realized
under the connection conditions. In our formulation, we can remove some of the N = 2n + 1
supercharges from a class of physical observables by relaxing the connection conditions,
so that the N = 2n + 1 supersymmetry can be reduced to M-extended supersymmetry
for any integer M < N. This implies that for any fixed M we have a wide variety of
M-extended supersymmetric models. We provide a general discussion about reduction of the
supersymmetry and construct N = 2n supersymmetric models as a result of the reduction of
the original N = 2n + 1 supersymmetry. We also investigate the degeneracy of the spectrum,
in particular, vacuum states with vanishing energy.

The plan of this paper is as follows. In section 2, we introduce n + 1 sets of discrete
transformations on a circle. In section 3, we construct N = 2n + 1 supercharges in terms
of these discrete transformations and examine connection conditions compatible with all the
2n + 1 supercharges. We also investigate the degeneracy of the spectrum. In section 4, we
discuss reduction of the supersymmetry and study some N = 2n supersymmetric models as
examples. Section 5 is devoted to a summary.

2. Discrete transformations

We consider the model which is one-dimensional quantum mechanics on a circle S! (=1 <
x < 1) with 2" point singularities placed at
S
x:lsz<1—2n—_]>l for s=0,1,...,2" —1. Q.1
This paper deals with the model in which the wavefunction and its derivative are continuous
everywhere except for the point singularities. These point singularities are placed at regular
intervals on the circle (figure 1). We define discrete transformations on the circle as

k-1
P =30 (x— (1- %) e ((1 - %) ! —x> ¢ <—x+ (2_ 2;_;11> z>,
s=1

2.2)
21(71 _ 1 2 B 1
Reor) = 317 =0 (x = (1= 522 ) o (1= 55 ) 1)

s=1

+®(x—(1—%)1)@((1—%)1—0%@), 2.3)
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Figure 1. The positions of the singularities on a circle S' (= < x < I).

(Qkp)(x) = —1(RiPrep) (x) 2.4

fork=1,2,...,n+ 1. Here ®(x) is the Heaviside step function defined by

1 for 0<ux <,
O = {0 for —l <x<0. (2:5)
Pr(k = 1,2,...,n+ 1) is a kind of parity transformation. P; is just the familiar parity

transformation, (P¢) (x) = ¢(—x). Ri(k = 1,2,...,n + 1) is a kind of half-reflection
transformation. The action of P, Ry (k = 1,2, 3) is schematically depicted in figures 2—4.
In each figure, the upper figure gives the geometrical meaning of Py, Ry (k = 1,2, 3). In the
lower figures, the dashed line denotes the original function ¢(x), and the solid line denotes
(Prgp) (x), (Ryep) (x) (k =1,2,3).

Pr, Ok, Ry (k = 1,2, ..., n)and P, produce no new singularities except for the original
ones. Note that Q,,; and R,+; make the wavefunction and/or its derivative discontinuous
atx # 1, (s =1,2,...,2" — 1). For instance, if we consider the case of n = 1, there are

two singularities located at x = 0,[. As seen in figure 2, a set of discrete transformations
{P1, @1, R1} does not make the wavefunction and its derivative discontinuous at x # 0, [. We
introduce a new set of discrete transformations {P,, Q,, R»}. Although P, produces no new
discontinuity for the wavefunction and its derivative at x # 0, [, Q, and R, however, produce
a discontinuity for the wavefunction and/or its derivative at the different points of the original
singularities, x = :l:é (see figure 3).

A crucial observation is that each set {Py, O, Ri} (k= 1,2,...,n+ 1) forms an su(2)
algebra of spin 1/2,
Pr Qi = —QuPr = iRk, QR = —Ru @ = iPy, 2.6)

RiPr = —PiRy =1, (P)? = (9= (Re)> =1
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Ry

Figure 3. The action of P;, R».

and that Oy = {Py, Ok, Ry} and Oy = {Py, Qr, Ri'} commute with each other if k #£ &/,
[Or, O]1=0 for k #£k'. 2.7)

For later use, let us introduce new sets of su(2) generators {Gp,, Go,,Or,} (K =
1,2,...,n)as

Gp, = VIRV, Go, = VIV, Gr, = VIRV, k=1,2,...,n, (2.8)
where

V=V W, Vi =P e SU(2). (2.9)
Here, P:(J;) is an abbreviation of P, = (Py, Ok, Ri) (% = (vp.vo,.,vr,)), and

(vp,. vo,. vr,) are real parameters. The new su(2) generators {Gp,, Go,, Gr, } have to be
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Figure 4. The action of Pz, R3.

linearly related to Py as
Gp, = ép, - Pr. Go, = é0, - Pr. Or, = er, P, k=1.2,....n, (2.10)

where {E‘pk, €9, €R, } are three-dimensional orthogonal unit vectors.

3. N =2n + 1 supersymmetry

3.1. N =2n+ 1 supercharges

Equipped with the discrete transformations given in the previous section, we construct
N = 2n + 1 supercharges in terms of the n + 1 sets of discrete transformations. There are two
types of N = 2n + 1 supercharges (type A and type B),

e Type A
Qﬁ:%FaDAzéﬁAFa, a=1,2,...2n+1. G.1)
e Type B
0f = SNDP = 3DT,.  a=12..20+1, (3.2)
where
d
DA = <R1 "Rn+la> +0r, - Or, (Ri -+ Rp W (), (3.3)
_ d
DA = <R1 --Rn”a) —Gr, - Gr,(Ri - Ry W'(x)), (3.4)
d
Df = (Rl "Rn+1a) — Port (R -+ Ry V' (X)), (3.5)
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_ d
DP = (Rl e Rn+la) + Purt (R1 -+ Ry V' (%)) (3.6)

and
Lokt = Gr,9R, -+ - G  GP Rt
I = Gr,Gr, - GRG0, Rt k=1,2,...,n, 3.7
ot = Quar-

Here, W/(x) = %W(x), Viix) = % V(x) and W(x), V(x) are called superpotentials.
We note that T',, DA®) DAB) in the supercharges contain R, Q.1 which produce new
singularities except for the original singular point x = I, (s = 1,2,...,2" — 1). The
combinations of these operators in the supercharges, however, make the 9,,;; and R4+ vanish
due to the su(2) algebra.

The functions W’ (x), V'(x) are continuous and finite valued functions at intervals between
singularities and are allowed to have discontinuities at x = [; (s =0, 1, ...,2" — 1). In order
to construct the N = 2n + 1 superalgebra, the required functions turn out to be

PkW/(x) = _W/(X)Pk7 k= 1727-"”/17 (38)

Prt1 W/(x) = W/(x)PI‘L+1 3.9
and

PV (x) = —V'(x)P;, i=1,2,... n+1 (3.10)

Noting that R;--- R4 %, Ri-RuyWi(x) and R;i---Rps1V'(x) commute with
{Pr, O, Ri} (k=1,2,...,n+ 1), we have the relations

{Ta, Tp} = 284, (3.11)
r,DA® = pABT, a,b=1,2,....2n+1. (3.12)

It follows that the supercharges form the N = 2n + 1 superalgebra;

e Type A
{04, 01} = HAS, a,b=1,2,...2n+1, (3.13)
A l‘A A 1 d2 " / 2
H =—§D D =3 _E—QRI”‘QR”W(JC)"'(W(X)) , (3.14)
e Type B
{08, 0)) = H”su, a,b=1,2,---2n+1. (3.15)
HE = _Lpopy 1 —d—2+7> V" (x) + (V'(x))? 3.16)
=3 =5 | g2 TP )+ Vx|, 3.

where H# and H® are the Hamiltonians in each model.
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3.2. Connection conditions compatible with supersymmetry

In this section, we clarify the connection conditions compatible with the N = 2n + 1
supersymmetry. Since the model contains the point singularities, we need to impose
appropriate connection conditions there, namely, our model is specified not only by the
Hamiltonian but also by the connection conditions. The functional space in our model is
required to be squared integrable and to be spanned by eigenfunctions of the Hamiltonian with
connection conditions that make the Hamiltonian Hermitian.

In order to obtain the appropriate connection conditions, let us introduce a 2"*!-
dimensional boundary vector @, that consists of boundary values of a wavefunction ¢(x)
in the vicinity of the singularities, ¢(/; &+ €) for s = 0, 1,...,2" — 1 with an infinitesimal
positive constant €. For later convenience, we arrange ¢ (/; =€) in such a way that &, satisfies
the relations

k

—_—~—
Ppy=(L® QL ®0IRL® - ® 1)Py, 3.17)
Qo =L@ ®L®mnALE® - ®L)D,, (3.18)
P =L - @LOBRLY - ®L)D,, (3.19)

n+l

where I,; denotes an M x M unit matrix, and o; (i = 1, 2, 3) stands for the Pauli matrices.
The boundary vector can be arranged as

(o —€)

ol +¢)
(Pug) (o — €)
(Pug)(ly +€)

(Pu—19) o — €)
(Pr—19) (1 +€)
(Pr—1Pup)lo — €)
(Pu—1Pug)(ly + €)
(Pu—29) o — €)
(Pu—2@)(l1 +€)
(Pn—ZPn(p)(lO - 6)
Q=1 PaP)li+te) |- (3.20)
(Pru—2Pu—19) o — €)
(PaaPu—19)(ly +€)
(Pr2Pp_1Pup)o — €)
(PaaPu—19)(ly +€)

(P2 P53 -+ - Pr)(lo — €)
(PyP; -+ - Pro)(ly +€)

P upper half
components
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For instance, ®,, for the case of n = 1 (two singular points are placed at x = 0,/) is
arranged as

ol —e) o —¢)
| »(0+¢) ¢(0+¢)
o= ptvo | T Pwa-ol @.21
(0 —¢€) (P19)(0 +¢€)
which obeys the relations (3.17)—(3.19) with n = 1,
(Prp) I =€) (=l +e)
| PippO+e) | | eO—-e) | (0 b .
PP = Py 140 | T | oo | T (12 0) Py = @1 L) Py, -22)
(P1p) (0 —€) (0 +e)
(Rip) I —€) ol —¢€)
| RippO©+e) | | ¢O+e) | (L O B
R0 = Ry (—t+e) | T | —ociro | T (0 —Iz> P =@ D0) Dy, 323
(R19) (0 —€) —9(0 —¢€)
(Qip) I — ) —ip(=l+e¢)
| Q) O+e) | | —ip(O—€e) | _ (0 —ih _
Yo =l e +o | T| iwi-o |7 (ilz 0 ) Po= @8 RD G2
(Q1p) (0 —¢) ip(0+e¢)

Since our model has singular points, the wavefunction will, in general, be discontinuous
there, but the discontinuity has to be controlled by the connection conditions that make the
Hamiltonian Hermitian. The Hermiticity condition is

I I
/ dx Y () (H Plp)(x) = / dx (HYPy)* (0)g(x) (3.25)
-1 -1
for any wavefunctions v (x), ¢(x), where the integral fiz dx is defined by
I 2" nlg—e
/ dx = Z / dx with I = Iy, (3.26)
—1 ls+€

s=1
In terms of the boundary vector, the requirement (3.25) can simply be rewritten as the
constraints on the boundary vector

D, Ppamy, = Pp + Py

(3.27)

In order to derive it, we have used the relation (3.19) and the formula of integration by parts

! d ! d * .
/ dx &% (x) (d—n(x)> = —/ dx (—E(x)) N + @03 ® -+ ® 03) Dy,
-1 X I dx

where the functions £(x) and n(x) are assumed to be continuous everywhere except for the
singular points. It is easy to show that equation (3.27) is equivalent to

@y —iLoPpamy| = [Py +iLoPpamyl,

(3.28)

(3.29)

where L is an arbitrary non-zero constant with the dimension of length. Then, the condition
(3.29) can be written as

(12n+1 - U)cb(p + iL()(Ian + U)q)'DA(B)q; == 0, (330)
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where U is a 2"*! x 2"*! unitary matrix. Thus, we have found that the connection conditions
which make the Hamiltonian Hermitian are given by equation (3.30). The 2" singularities in
our model are characterized by a 2"*! x 2"*! unitary matrix, U.

It is important to note that the above connection condition does not necessarily guarantee
the N = 2n + | supersymmetry, because the Hermiticity of the Hamiltonian does not, in
general, ensure that of the supercharges. Moreover, the state (Q,¢) (x) does not necessarily
belong to the same functional space as ¢(x). This also means that (Q,¢) (x) does not obey
the same connection conditions as ¢(x). In order for any operator O to be physical, the
state (Og) (x) for any state ¢(x) has to obey the same connection conditions as ¢(x). In the
following, we call O a physical operator if O is Hermitian and (Og) (x) satisfies the same
connection conditions as ¢(x).

In the standard argument of supersymmetry, for any energy eigenfunction ¢ with an
energy E, Q,¢ is also an energy eigenfunction with the same energy E (>0) and then Q,¢ is
called a supersymmetric partner of ¢. In our model, this is true if and only if Q, is a physical
operator, otherwise the state 0,¢ should be removed from the functional space, in which any
state satisfies the connection conditions (3.30) with a characteristic matrix U. Therefore the
N = 2n + 1 supersymmetry can be realized in our model only when all the N = 2n + 1
supercharges are physical. We will see below that this requirement severely restricts a class
of the connection conditions.

Let ¢(x) be any wavefunction obeying the connection conditions (3.30), and satisfying
Schrédinger equation, HA® ¢ (x) = E¢(x).

First, we require that (Q‘;(B)tp) (x) (@ =1,2,...,2n + 1) obey the same connection
conditions as ¢ (x),
(I — U>®Qj‘“”<p +iLo(In + U)qDD/\(B)(wa’(p) =0. (3.31)

Here, ¢ in equation (3.30) has been replaced by QQ(B)go. By noting (3.1), (3.2), (3.12),
(3.13)=(3.16) and HA® p(x) = E¢(x), equation (3.31) leads to

(12n+1 — U)q)rafDA(B)¢ — ZiLUE(Izml + U)q)l"“(p =0. (332)

The connection conditions must be independent of the energy E, so that we find the eigenvalues
of Umust be 1, i.e. U> = L. Then, (3.32) can be written as

Iy1 — U)Pr,pawy, =0, (3.33)

(I +U)Pr,, = 0. (3.34)
We note that the case of U = ZI,~ turns out to lead to no non-trivial models because all
wavefunctions would vanish. It is convenient to introduce y, (@ = 1,2, ..., 2n + 1) as*
Yu-1=(r, 0 ® Qe , 6Qep 6Q0LRQ - ®L®03), (3.35)
Vok = (2731 ‘6:®”'®2Rk—1 '&®EQ/< ~5®12®-~~®12®03), (336)
V2n+l=(12®"'®12®02)’ k:1,2,...,n, (3'37)
where ¢ = (01, 02,03). The y, fora = 1,2, ...,2n + 1 satisfy the same anticommutation
relations as I',,

{Va, vb} = 28ap- (3.38)
Using these, we have the relation

chago = Vaq)go’ (339)

4 The definition of va fora =1,2, ..., 2n is slightly different from those in [12].
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and then, equations (3.33), (3.34) become
(L1 = YU ya) Ppawy, = 0,
Iyt + Y, Uy) P, = 0.
Equation (3.30) is reduced to

Iy = U)P, =0,
(I + U)DPpany, =0,

(3.40)
(3.41)

(3.42)
(3.43)

under the condition of U? = .. Since our model contains the 2" point singularities, we
need to impose 2 x 2" connection conditions at the singularities to solve the Schrodinger
equation. If the number of conditions is larger than 2 x 2", the model would become trivial
due to overconstraints. Since the number of conditions (3.30), which make the Hamiltonian
Hermitian, is 2 x 2", equations (3.40) and (3.41) should produce no new constraints. This
implies that the characteristic matrix U has to satisfy

YaUvVa = —U, a=1,2,....,2n+1. (3.44)

Thus, we have found the constraints on the characteristic matrix U,

U'U = L, (3.45)
U? = Iy, (3.46)
VaUys = —U, a=1,2,...,2n+1 (3.47)
which guarantee that the Hamiltonian is Hermitian and (Q2®¢)(x) (a = 1,2,...,2n+ 1)

satisfy the same connection conditions as ¢ (x).

Before we discuss the Hermiticity of the supercharges, let us determine the form of the
characteristic matrix U. An arbitrary 2"+ x 2"*! matrix can be uniquely expanded as
3 3
Z e Z Cal,az ----- [ (élgtll) ® é(gzz) Q& é((;;) ® ég::ll)) , (3.48)
=

o1=0 ap+1=0

where
~(ky Sk _ > pud
Cy=0 = b, Cou=1 = €P: " 0> (3.49)
e =2, -G e =2r -G k=1,2 n '
=2 = €9 "0, =3 — Ry " 0> =Ls...n,

and

~(n+l) __ ~(n+l) __ ~(n+l) __ ~(n+l) __

€y = I, €yp=1 =01, €y, =2 = 02, &y, =3 = O03. (3.50)

First, we impose the conditions (3.47) on the characteristic matrix U. Then, some coefficients
in the expansion vanish except for Cgy =0, . ,=0.0,=1> Coi=3....0,=3,0,,=3- Thus, the
characteristic matrix U becomes

U :b1(12®"'12®01)+b2(272| 0®---Qeg, -0 ®03), (3.51)
where

by = Cy =0,....0,=0,ap0=1> by = Cy\=3,....0p=3, 0041 =3- (3.52)
The conditions UTU = I and U? = It imply Ut = U, so that we have

bi,by eR, (b))’ + (h)* = L. (3.53)
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Therefore, the connection conditions can be written as

(Iyr — U(by, by)) ®, = 0, (3.54)
(Ipn + U (b, bg)) @DA(B)(p =0, (355)

where
U, b)) =bi(L® - L®01)+by(ég, 6 Q-+ Qég, -G Q03) (3.56)

with by, b, € R and (b1)2 + (b2)2 =1.

Now, an important question that remains to be answered is whether the supercharges are
Hermitian under the connection conditions (3.54) and (3.55) or not. Using (3.28), we have
the relation

! i

fll dx Y*(x)(Qup) (x) = /l dx (Qu¥) () (x) + ECDT//)/”Q)(/,, a=12,...,2n+1.
(3.57)

It is not difficult to show that the surface term in (3.57) vanishes,
®!,y,®, =0, a=1,2,...,2n+1, (3.58)

if wavefunctions ¢ and { obey the connection conditions (3.54) and (3.55). Thus, the
connection conditions (3.54) and (3.55) also make all the supercharges Hermitian.

Thus, we have found that the connection conditions, which make not only the Hamiltonian
Hermitian but also the 2n + 1 supercharges physical, are given by equations (3.54), (3.55).
Then, the N = 2n + 1 supersymmetry can be realized with the connection conditions (3.54),
(3.55).

3.3. The degeneracy of the spectrum

In this section, we study the degeneracy of the spectrum in the N = 2n + 1 supersymmetric
models, in particular, vacuum states with vanishing energy. We consider the two types of the
N = 2n + 1 supersymmetric models (type A and type B), separately.

3.3.1. Type A model. We first consider the degeneracy in the type A supersymmetric model.

The connection conditions compatible with the N = 2n + 1 supercharges Qf, ..., Q4 . are
given by
(Iyi = U (b1, by))P, =0, (3.59)
Iy + U (by, by))Ppa, =0, (3.60)
where
Ub,b)=bi(L® - Q1L Qoq) +b2(2731 -0 K- ®ER,, -0 ®O’3) (3.61)

with by, b, € R and (b;)? + (by)?> = 1. We note that the Gg, (k = 1,2,...,n) commute
with the Hamiltonian H# and also with each other. Since they are also physical under the
connection conditions (3.59) and (3.60), we can introduce simultaneous eigenfunctions of H*
and Gg, such that

HAQp 5,0, () = E@pa,. 3, (X), (3.62)
GRyPE: hr, oy (X) = AMPE ... 0, (X) (3.63)
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A A
@35 , Qa

m CPEI?M"‘ A —An

I I . I
(pEl; M A An

Q' Q)

A A
Q?n -1, QQn

5, under the action of the

..... n

Figure 5. Examples of the transition for the eigenfunction ¢g, 3,
supercharges (Qf‘ ..... Qﬁ‘n )

with Ay = 1 or —1 for k = 1,2,...,n. Since 02 (@ = 1,2,...,2n + 1) and Gg,
(k=1,2,...,n) satisfy the relations

—Gr, 02 for a =2k —1or2k,

3.64
+Gr, 04 otherwise, (3.64)

A
Q,9r, = {
the states Q% ®Ea...,(xX) and Q% @E;, .., (x) should be proportional to
CE: A .....—hp...0y (X), and the states Q?,M(PE;M ..... 1, (x) should be proportional to @g.;, .., (x).
Noting that 0%, _, = —i0Q%,Gr,, we have the relations

O 1 PE i (X) = =M O PE 0 (X) X Py g (X)), (3.65)
031 PE i (X) X QE, 2, (1), (3.66)

when E > 0. These imply that the degeneracy of the spectrum for E > 0 is given by 2". Some
examples of the transition for the eigenfunction ¢g, ., . 1, under the action of the supercharges
are depicted in figure 5. This degeneracy can also be understood from an algebraic point of
view; for fixed non-zero energy E, Q;‘ / VE fora = 1,2,...,2n+1 form the Clifford algebra
in (2n + 1)-dimensions, and the representation is known as 2".

The above argument cannot apply for the case of £ = 0. This is because any state o (x)

with vanishing energy must satisfy Q2¢o(x) = 0 fora = 1,2,...,2n + 1. The equations
02¢0(x) = 0 are equivalent to

DApy(x) = 0. (3.67)
The above equation is easily solved, and we have formal solutions

n
1 e W
G0 i (X)) = Niy o, |:1_[ 3 (1 +)ukg7zk)i| e M W), (3.68)
k=1

Here, N;, .., denotes normalization constants. By noting the Hamiltonian H# includes only
W’(x) (but not W (x) itself), we have an ambiguity to choose W (x) to satisfy
PeW(x)Pr = W(x), k=1,2,....n, (3.69)
P W(x)Ppyy = —W(x). (3.70)

For a non-compact space, any non-normalizable states would be removed from the functional
space. The space is, however, compact in our model, so that these solutions are always
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normalizable. Nevertheless, some of them must be removed from the functional space. This
is because some solutions are incompatible with the connection conditions. Although the
zero energy states trivially satisfy half of the connection conditions (3.60), we need to verify
whether the states (3.68) satisfy the remaining connection condition (3.59) or not.

In order to investigate the consistency of the zero energy states with the connection
conditions, we use the transformation (2.8), (2.9). This transformation yields

Ub1.b) = VUGB b))V =bi(L® - ®L®01) +by(03® -+ ® 03), (3.71)
where

V=" @27 ®...0e"° @), e e SU(2). (3.72)
The transformation is a singular unitary transformation because it, in general, changes
connection conditions of wavefunctions at singular points. The transformation may be
regarded as a duality connecting different theories (with different connection conditions).
Moreover, the transformation gives us the convenient expression for the connection condition.

For instance, we consider the model which possesses two point singularities placed at
x =0,1 (n = 1) as an example. The connection condition (3.59) is transformed by (3.72) to

Iy — U (b1, by)) Py =0, (3.73)
where
U(by, by) = b1 (I ® 01) + by(03 ® 03), P=Vig, Vi =e" (3.74)
Explicitly, equation (3.73) is written as
1— b2 —b1 0 O @(l — 6)
—b 1+b, 0 0 @(0 +€) _
0 0 14b b || e1+e) | = (3.75)
0 0 —bl 1 —b2 @(—0—6)

We observe that the above connection condition is separated into two independent conditions,
depending on the argument of the wavefunction. This suggests that it is useful to assign the
eigenvalue A of the operator R, for the wavefunction. To this end, we define the projection
operator,

LA+ MRY. (3.76)

By multiplying (1 + A;R1)/2 from the left to equation (3.73), we obtain the boundary
vector as

Pr=+1l —€)=0
@r=+1(0+€) =0 for A = +1,
0
0
d>(m£n, )@ = 0 (377)
0
~ for A =-—1.
Pr=1(-1+€) =0 ‘
@r=—1(0—€) =0
Then, the connection conditions (3.73) are reduced to
e for b, = 1 (and b; = 0)
@3,=+1(0+€) =0, (3.78)

Pr=—1(—l+€) =0, (3.79)
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o forb, #1
(I = 02)@p =1l =€) = b1@,=1(0+€) =0, (3.80)
(1 = 52)P3,=—1(0 — €) = b1@r,=—1 (= +€) = 0. (3.81)

Let us also note that the Schrédinger equations can be written separately in each region of
O<x<Dand (-] <x <0),

I:I¢A1:+1(x) = E@j,=+1(x) O<x<l with (3.78) or (3.80), (3.82)
I:I@l:,l(x) = E@——1(x) (-l <x<0 with (3.79) or (3.81), (3.83)

where H = VHV!.
Similarly, we can generalize the above argument to the case of n. The connection
conditions (3.59) can be written as

(Ipsr — U (by, bz))CID(m:l Loy ) = 0, (3.84)
where
P=Vo with V=VV,---V,,V, =P, (3.85)
On this basis, the boundary vector can simply be written as
0
0
Oy, toamyg = Poy sy = (P‘ll Pa? P )lo—O | (3.86)
o (P’ Pu? @ryi) i +€)
0
0

The connection conditions (3.84) are reduced to

e for b, = 1 (and b; = 0)

P7 - Pu? Pryi)lo—€) =0 for Ap---hp=-1, (3.87)

(P, - Pu? @) li+€) =0 for Ay---A,=+1, (3.88)

o forby # 1

o 1-1) 1—n

1=y 1=y
A =b)(Py 7 - Pa® @) lo—€)=bi(Py 7 - Pa® @) li+€) =0

for Ap--hy =+, (3.89)
(I =b)(Py 7 - Pa? @oyiy)li€) = by (P - Pu? @pyiy)lo—€) =0
for Ay---A, =—1. (3.90)

The Schrodinger equations can be separated into 2" regions of (I, < x < [y) (s =
0,1,...,2" —1).
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Now, we are ready to discuss whether the zero energy states satisfy the connection
conditions or not. With the transformations (3.85), the zero energy states (3.68) become

71
P0:vin () = VP01, (X) = Nayn, |:l_[ 5(1 +)»/<Rk):| e MW, (3.91)
k=1

The states (3.91) do not satisfy the connection conditions (3.87), (3.88) for b, = 1. Although
for general W (x), the connection conditions (3.89), (3.90) are not satisfied by the zero energy
states for b, # 1, there is, however, an exceptional case, where W (x) satisfies

[L=b1 _ swayeo
_— = €. 3.92
1+ by ¢ ( )

With this special W (x), all the states (3.91) become supersymmetric vacuum states compatible
with the connection conditions.

There is no supersymmetric vacuum state for general W(x).  Therefore, the
supersymmetry is ‘spontaneously’ broken. While, for the special W (x) satisfying (3.92), we
have the supersymmetric vacuum states, and the degeneracy is 2".

Let us note that the P,,; becomes physical when b, = 0 and commutes with the
Hamiltonian H4 only for W”(x) = 0. We can introduce the simultaneous eigenfunctions
of the Hamiltonian H4, Gr, (k=1,2,...,n)and P4,

HAOE 0 i () = EQE it (X, (3.93)

GRYPE s eeehn s (X) = APE iy e (X)), (3.94)

Prit@E 1, oot et X)) = At 1PE iy i () (3.95)

The new label A, on the wavefunction suggests the enhancement of the degeneracy for

the state with £ > 0. In order to confirm it, let us define new operator QZ‘ (a=1,2,...,2n+1)
as

04 = ir Ri-R d (3.96)

a — ) a 1 n+1 dx . .

Then, the Hamiltonian H# can be written as

HY =2(04) =2(04) + 1%, (3.97)
where ¢ = (W' (x))? is independent of x for W”(x) = 0. The energy is bounded from below
as

E> i (3.98)

We can show that QZ‘ (a=1,2,...,2n+ 1) is physical under the connection conditions

(3.59) and (3.60). Since QZ‘ and Gr, (k =1,2,...,n), Py satisfy

P 04 = —04P,, for a=1,2,...,2n+1. (3.99)
—Q04Gr, for a=2k—1,2k,

+04Gr, otherwise

Gr, 04 = (3.100)

3 Tf there is no zero energy state, we say that supersymmetry is spontaneously broken by analogy with supersymmetric
quantum field theory. Other mechanisms of (spontaneous) supersymmetry breaking due to boundary effects have
been found in [17, 18].
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Y )
and Q3,_, = —10%,Gr,, we have the relations

5 = i Q) 3.101
sz—l(pE§)Ll ----- Ay — 1 kQZk(pE;)\I ----- AnsAnl X QE; ..., —Xkseshns—Ans1 0 ( . )
AA

Qi1 PE o hs X P~ (3.102)

Thus, in this case, the degeneracy for £ > %c2 is given by 2!, This result can also be

obtained from an algebraic point of view; Q;‘ / VE (a=1,2,...,2n+1) and P, form the
Clifford algebra in (2n + 2)-dimensions and the representation is known as 2"*!,

Let us discuss the case of E = %cz. The state with E = %cz satisfies QfgoE:%Cz x)=0

(a=1,2,...,2n+ 1), which is equivalent to

d _

dx PE=5e 0 (x) =0, (3.103)
where we have performed the singular transformation (3.85). The solution satisfying (3.103)
always has only X,.; = 1 state because the state with A,,.; = —1 has discontinuity except for
the original singularities. The formal solutions for the state with E = %cz are given by

. 1

Pemteinmimn=rt = Naipipa=n | [T 5 0 AR |- (3.104)

k=1

Let us note that the solution (3.104) shows that it takes constant values between the two
neighbouring singularities.

Let us study the compatibility of the solutions (3.104) with the connection conditions
(3.87)—(3.90). For b; = +1, all the states with £ = %cz satisfy the connection conditions
(3.89) and (3.90), so that the degeneracy is 2", while for b; = —1, not all the states satisfy the
connection conditions (3.89), (3.90) and are removed from the functional space.

We can introduce the ‘fermion’ number operator as

(=D =Py (3.105)
for b, = 0 and W(x) = 0 (¢ = 0). We note that W’(x) = 0 ensures®
{0}, (-DF} =0. (3.106)

We call states with (—1)* = +1 (—1) ‘bosonic’ (‘fermionic”) ones. Under the relation (3.106),
02¢r.,...4, (x) have the opposite eigenvalues of (— 1) as g5, s, (X).

We discuss the Witten index in this model. The Witten index of an operator O with
O? = 1 is defined by

Aw,0 = NF=" — NE=O, (3.107)
where N£=0 denotes the number of the zero energy states with © = %1, respectively and all
the non-zero energy states between O = 1 and O = —1 are degenerate.

The Witten index of P,,; for W/ (x) = 0 (¢ = 0)7 and b, = 0 is given by
Aw.p,,, =2". (3.108)

When W”(x) = 0, the zero energy states do not exist. However, by shifting the energy,
E — E = E — 1%, there is a non-zero Witten index for £ = 0 (E = 1c?),

Aw.p,,, = NE=0 — NE=O = on. (3.109)
We should make a comment on the special case (3.92) in which the zero energy states exist.
In this case, the Witten index of Gr, - - - G, vanishes because N =" and NE=0 are the same,

E=0 _ E=0 __~n—1
NQRI,,,gR”:Jrl = NQRI'“QRF*I =2""" (3.110)
6 Let us note that when W” (x) = 0, P,41 anticommutes with Q{,‘ If we regard Q,’,‘ as a supercharge, P,4+1 can be
taken as the ‘fermion’ number operator.

7 1In this case, Q(’,4 is the same as Q{;.
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3.3.2. Type Bmodel. The connection conditions compatible with the N = 2n+1 supercharges
0%,..., 0%, are given by

(Iym — U(by, by))®, =0, (3.111)
(It + U (by, by)) ®ps, = 0, (3.112)

where

U1, b)) =b1(L® - ®L®0)+by(ér, 0 Q- Qer, 6 Q03) (3.113)

with by, b, € Rand (b1)? + (b2)* = 1. We first note that the Gr, (k = 1,2, ..., n) commute
with H® and also with each other. Since they are also physical under the connection conditions
(3.111), (3.112), we can introduce simultaneous eigenfunctions,

H%0p 5, 0, () = EQp,. 5, (X), (3.114)

GRPE Ao (X) = M @E:A,,. 0, (X) (3.115)

with Ay = lor Ay = —1fork = 1,2,...,n. The supercharges Qf (a=1,2,...,2n+1)
and Gg, (k = 1,2, ..., n) satisfy the relations

—Gr, 0% for a=2k—1,2k,

B k

- 5 - 3.116
QuGr, {"‘gnk QB otherwise. ( )
Noting that 0%, = —10%,Gg,, we have the relations

OF 1 PE s, (X) = =M OF @3, () X QEs i (), (3.117)
08 0E 2, (X) < QE, (), (3.118)

then the degeneracy of the spectrum is given by 2" for £ > 0. This result can also be
obtained from an algebraic point of view, that is, for fixed non-zero energy E, Q5 / VE for
a=1,2,...,2n+ 1 form the Clifford algebra in (2n + 1)-dimensions, and the representation
is known as 2".

The above argument cannot apply for E = 0 states because QZ¢y = 0. The equations
Qf @o(x) = 0 are easily solved and we have formal solutions

k=1

ol
@0ty (X) = Ny o, |:1_[ E (1 +)»kg7zk):| eV(x), (3.119)

where N,, . ,, denotes normalization constants. Since the Hamiltonian H B includes only
V’(x) (but not V (x) itself), we have an ambiguity to choose V (x) to satisfy

PV @)P = V(x), i=1,2,....n+1. (3.120)

Under the singular unitary transformation (3.85), the zero energy states become

"1
@0ty () = V001,00, (X) = Ny o, |:l_[ 2 (1 +AkRk)j| e"™. (3.121)
k=1

The zero energy states trivially satisfy the half of the connection conditions (3.112). Let us
discuss the remaining connection conditions (3.111), which are given by equations (3.87)—
(3.90).
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The states (3.121) do not satisfy the connection conditions (3.87), (3.88). On the other
hand, neither are the connection conditions (3.89), (3.90) satisfied by the zero energy states.
There is, however, an exceptional case

by =1. (3.122)
This is because V(lp —€) = V(I + €).
Pu+1 commutes with Gz, (k =1,2,...,n), H B and becomes physical only for b, = 0.

An accidental degeneracy occurs in this case. We can introduce simultaneous eigenfunctions
of the Hamiltonian H®, G, (k = 1,2, ..., n) and P, such that

H20p 0 i ) = EQpy i (X)), (3.123)
GRAPE: M1, oo hondnis X)) = ARPE L dons () (3.124)
Prt1PE A, it ) = Ant 1O kA (X)- (3.125)

The Qf and P, satisfy the relations
058P, = —Pu 0F, a=1,2,...,2n+1. (3.126)

Equations (3.116), (3.117) and (3.126) imply that the degeneracy of the spectrum for £ > 0
is given by 21,
The zero energy formal solutions are

2
k=1

n
0y oo g =+1(X) = Niy s, |:l—[ 1(1 + )\kng):| V@ (3.127)
Here ¢o.1,.. 3, .2,.=—1(x) do not exist because the states cannot construct without new
singularities except for the original singular points x =/, (s =0, 1,...,2" — 1). Forb; = 1,
all the zero energy states (3.127) become supersymmetric vacuum states compatible with the
connection conditions (3.89), (3.90), while, for b; = —1, all the states are incompatible with
the connection conditions (3.89), (3.90).

P41 can be regarded as the ‘fermion’ number operator only if b, = 0,

(—DF =Py (3.128)
The operator satisfies
{0f, (-DF} =0. (3.129)
There is a non-zero Witten index of P, only for b; = 1 and b, = 0,
Awp,, =2". (3.130)

4. Reduction of the supersymmetry

4.1. General discussion

In this section, we provide a general discussion on a reduction of the supersymmetry by relaxing
the connection conditions®. So far, we have considered the connection conditions compatible
with all the 2n + 1 supercharges. Here we require that only a subset of the supercharges are
physical. To put it the other way around, we allow some of the 2n + 1 supercharges to become
incompatible with connection conditions.

8 Falomir and Pisani have also discussed the reduction of supersymmetry in the presence of singular superpotentials
[19].
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Let us consider the m supercharges that are a subset of the 2n + 1 supercharges (3.1) (3.2).
The connection conditions compatible with the m supercharges are given by

Iy —U)P, =0, 4.1
(L1 + U)Ppary, =0, 4.2)

where the constraints on the characteristic matrix U are

U'U = I, 4.3)
U? = L, (4.4)
)/,'U)/i =—-U. (45)
Here the number of y; is m, which is a subset of the y, (a = 1, 2, ..., 2n + 1). The difference

from the case of N = 2n + 1 supersymmetry is in equation (4.5), that is, the number of y;
is smaller than that of the case of N = 2n + 1 supersymmetry. The smaller the number of
y; in equation (4.5), the larger the number of parameters of the characteristic matrix U. This
implies that the supercharges not belonging to the subset are not physical operators.

4.2. N = 2n supersymmetry

In this section, we consider some N = 2n supersymmetric models as examples of the reduced
supersymmetry. We choose 2n supercharges that are a subset of the 2n + 1 supercharges (3.1),
(3.2) as

@01 05..... 04, Q! 0% ... 05 1. Qh.
© 07,07, 03, () 07, Q7+, 05,1 Qg

‘We will obtain the connection conditions compatible with the constraints (4.3)—(4.5) and study
the degeneracy of the spectrum and the zero energy states in each model.

42.1. (a) 0%, 0%, ..., 0% . In order for the supercharges Qf,..., Q4 to satisfy the
superalgebra, we need only equation (3.8). And the Hamiltonian is also given by
equation (3.14). The N = 2n supersymmetry has already been found and discussed in
[12]. The results of the connection conditions and the degeneracy of the spectrum in this
subsection agree with those in [12] although the analysis has been incomplete in [12].

The connection conditions compatible with the 2n supercharges Qf, ..., Q4 are
(I — U)®, =0, (4.6)
Iy + U)Dpa, =0, 4.7
where
U? = Ly, (4.8)
U'U = Ly, 4.9)
viUly, =-U, i=1,2,...,2n. (4.10)

In order to obtain the expression of the characteristic matrix U, we use the expansion (3.48)—
(3.50). Equation (4.10) implies that the non-vanishing coefficients are only four,
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ay = Cct|=0.0(2=0 o, =0,0,41=1>5 a = Ca1=0,(x2:0 ..... o, =0,041=2> (411)

ey

a3 = Coy=3.00=3.....ay=3 .01 =3 ay = Cy=3,0,=3,....00=3,00:1=0- (4.12)

Thus, the characteristic matrix U can be expanded as
U =a1(12®---®12®01)+a2(12®---®12®02)+a3(213] 6‘@@273" -5’@0‘3)
+as(ér, 0 Q- Qér, 6 QD). (4.13)

Let us note that the number of parameters in the characteristic matrix U is larger than that in
the N = 2n + 1 supersymmetric model because of the decrease of the conditions on the U. We
further restrict the form of U by imposing the conditions (4.8) and (4.9). Then, we obtain that

(ag)* =1 and ar=a,=a3 =0, (4.14)
or
(@)*+ @)+ (@)’ =1 and ay =0 (4.15)

with aj,ay,a3,a4 € R. Thus, the characteristic matrix U compatible with the 2n
supersymmetry is given by

I Typel
Un(®) = £(2p, 6 @ ®ér, 5 @ L), (4.16)
(D) Type II
Un@)=a1(hb® - Lo +ax(h® - ® o)

+a3(2731‘5'®~-'®273n'5'®0'3) 4.17)
with (a;)? + (a2)* + (a3)* = 1.
Let us next study the degeneracy of the spectrum. We note that Gz, (k = 1,2,...,n)

commutes with the Hamiltonian H# and is physical under the connection conditions (4.16),
(4.17), so that the state with E (>0) is labelled by the quantum number X;, which is the

eigenvalue of G, . Noting that Qﬁ‘ki1 = _iQﬁ‘kng and the relations
—Gr, O for i =2k —1 or2k,
0'r =1, o o . 4.18)
+Gg, O otherwise

fork =1,2,...,n, wehave the relations (3.65) fork = 1, 2, ..., n. Thus, the degeneracy for
E > 0Ois given by 2". This result can also be obtained from an algebraic point of view; for fixed
non-zero energy E, Q;“ / \/E fori =1, 2,...,2n form the Clifford algebra in 2n-dimensions,
and the representation is known as 2".

Let us study the zero energy states. The states, which satisfy equation (3.67), are formally
given by

OOyt (X) = Ny i, |:1_[ % (1+ )»kgm)] e MW 4.19)
k=1

with Ay = 1 or —1 for k = 1,2, ...,n. The zero energy states trivially satisfy half of the
connection conditions (4.7). We need to verify whether the zero energy states (4.19) satisfy
the remaining connection conditions (4.6) or not. In order to investigate the consistency of the
zero energy states with the connection conditions, let us perform the singular transformation
(3.85), under which the zero energy states become

1 ,
@0t oty (X) = V00,0, (X) = Niyy L, [H 5 +)\kRk):| e AW, (4.20)
k=1
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According to the singular transformation, the connection conditions (4.6) can be written,
depending on the type I, II, as

(D Type I with Ur(%)

| 1=hn
(P 7 Py Garn)lo—€) =0, (4.21)
(731721 . .Pn%%],...,xn)(h +e)=0 for Ar---A,=7F1, (4.22)

where the double sign of X - - - A,, corresponds to the double sign in the Uj(=%)
(II) Type II with Uy (a)

1-2 1—hn

(Py7 - Pu? @oyn)li+€) =0 for azhy---hy = +1, (4.23)

1—kn

1=y
(I—azshr---2)(P 7 - Pa’ @uyn)o =€)

ﬂ 1—n
— (a1 —ia)(P;” - Pu® @ayo,)li+€) =0

.....

otherwise. (4.24)

Let us first discuss the case of Uj(+). We note that the connection condition (4.6) does not
yield non-trivial conditions for the state with A;---X, = +1, while the other connection
condition (4.7) is automatically satisfied due to (3.67). On the other hand, we must check
whether the state with A; - - - A,, = —1 satisfies the connection conditions (4.21), (4.22) or not,
but it is obviously impossible due to the exponential factor in the solutions (4.20). Hence, the
degeneracy is given by 2"~!. The discussion goes the same as above for the case of Uj(—), so
that the degeneracy is, again, 2"~!. Thus, the supersymmetry is unbroken. We have seen that
once we determine the connection condition Uj(+), the states with A - - - A, = %1 can satisfy
the connection conditions.

For the type II connection conditions, the zero energy states (4.20) are found to be
inconsistent with the connection conditions (4.23), (4.24), so that there are no vacuum states
with zero energy. There is, however, an exception. If the following relations are satisfied

1 —
\ 1+—a3 = VbW, ai =1 — (a3)?, a =0, (4.25)
as

all the states (4.20) accidentally become supersymmetric vacuum states compatible with the
connection conditions (4.24); hence, the degeneracy is 2". Therefore, for the type Il connection
conditions, supersymmetry is spontaneously broken except for the above case.

If a, = 0, the supercharge Q?n +1 becomes physical. Then, 04, ..., 04, form the
N = 2n + 1 superalgebra if we require the conditions (3.9). Therefore, the supersymmetry
is enhanced to the N = 2n + 1 supersymmetry, and the degeneracy has been studied in the
previous section.

We can introduce the ‘fermion’ number operator as

(=D =Gg, -+ Gr,, (4.26)
which is physical under the connection conditions (4.6) and (4.7), and commutes
(anticommutes) with the Hamiltonian H* (all the supercharges QiA (i=1,2,...,2n)). Let

us note that eigenvalues of the fermion number operator are A - - - 4, = £1. The Witten index
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of Gg, - - Gg, With U(%) is given by
Awigp, gr, = £2"7", 4.27)

where the double sign corresponds to the double sign in Up(=).

If W(x) = 0, P,y is physical under the connection condition (4.16). And it
(anti)commutes with the (supercharges) H#. Then, we can introduce the Witten index of
Pn+1’

Aw.p,., =2""1 (4.28)
For the type II connection conditions with Uy (a), the Witten index of Gg, - - - Gg, vanishes
because there are no zero energy states. We should make a comment on the special case (4.25),

in which the zero energy states exist. The Witten index of Gg, - - - Gg, is, however, zero because
NE=% and NE=0 are the same,

E=0 _ E=0 __~n—1
Ngp Gr,=+1 = Nog g =1 = 277 (4.29)

422. (b) 0}, 04,...,04%,_,,04 ... The N = 2n supercharges Qf, 0%,..., Q5 _,,
Q4 ., form the N = 2n superalgebra if the function W'(x) obeys (3.8) and (3.9). The
constraints on the characteristic matrix U are

U? = Ly, (4.30)
U'U = Ly, 4.31)
iUy = —U, i=1,2,....,2n—1,2n+1. (4.32)

We expand U in the expressions (3.48)—(3.50). Because of the conditions (4.32), there are
only four non-zero coefficients,

a1 = Cyy=0,0,=0.,....0,=0,aps1=1» a2 = Cyy=3.00=3.... 01 =3 .0y =2,y =3 “33)
a3 = Cy=3.0,=3,....0,=3, 211 =3» a4 = Cy=0,0,=0,....0_1=0.0, =121 =1+
The conditions (4.30) and (4.31) imply that

(ag)* =1 and ay=ay=a; =0, (4.34)
or

(@)’ + @)+ @)’ =1 and a3 =0 (4.35)

with ay, az, a3, as € R. Thus, the characteristic matrix U compatible with the 2n supercharges
b 00y Q5 18
(D Type I
U =+(L® - ®L®¢p, -0 Qo1), (4.36)
(II) Type II
Unl@)=a/(L® - ®@L®o)+a(ér, -6 Q- Qég, -6 Qég, -6 Q03)
+as(ér, 0 ® - ®er, -G Q03) (4.37)
with (a;)? + (a2)? + (a3)?> = 1. With the above characteristic matrix U, the connection
conditions are given by
(I = U)P, =0, (4.38)
(Iy1 + U)Dpay, = 0. (4.39)
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In this case, G, is no longer physical under the connection conditions (4.36), (4.37), but
instead, Gp, Py+1 is physical. The Hamiltonian H A Gr, (k=1,2,...,n—1)and Gp, P,4 are
physical, and they commute with each other. We can introduce simultaneous eigenfunctions
of these operators such that

HA Q5.0 (X) = E@pa,...0 (%), (4.40)
ORePE ., (X) = Me@E, ., (X)), k=1,2,....n—1, (4.41)
(Gp, Pus1)PE .0 (X) = Ay @Ey . (X) (4.42)
with Ay = lor —1fork =1,2,...,n—1and A, = 1 or —1. In this case, we have the

relations

0%\ PE ... w (X)) = —iM Q5 PE . (X)) X QEA =g, (X)), k=1,2,...,n—1,

(4.43)

O3\ PE i (X) X Qi3 (X)), (4.44)

0% 1 PE ... (X)) QR (X)), (4.45)
because

A Ch .

Gr. O = {+QQf;gg7zk f)(ilrler\]:vise,z o (4.46)

(Gp, Pur) O = — 07 (Gp, Pus1) (4.47)

fori =1,2,...,2n—1,2n+ 1 and Q% |, = —iQ%Gr, fork = 1,2,...,n — 1. Thus,

the degeneracy for £ > 0 is given by 2". This result can also be obtained from an algebraic
point of view; for fixed non-zero energy E, Qf‘/«/f fori =1,2,...,2n —1,2n + 1 form
the Clifford algebra in 2n-dimensions, and the representation is known as 2".

The above argument cannot apply for the zero energy states. The zero energy states are
given by solving

d
Do (x) = |:<R1 < Rau a) + A1 A 1Gr, (R "'Rn+lW/(x)):| ®o:y.....0, (X) = 0.

(4.48)
The solutions to equation (4.48) are formally given by
n—1
1+ )"kgR
oo = ([ )
k=1
X {(#) e*k]...)\nﬂW(X) + )";1 (%) eMn.AnlW(x)} i (4.49)

and trivially satisfy half of the connection conditions (4.39). We need to verify whether
the zero energy states satisfy the remaining connection conditions (4.38) or not. Under the
singular unitary transformation (3.85), the zero energy states become

P0s,i, (X) = V0,5, 0 (X)

n—1
1+ MR
= Ni...o (n%)

5 {(1 +2Rn) et W) g (1 _an> e)L]ux,,]W(x)} ’ (4.50)
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and accordingly the connection conditions, (4.38), can be written as

(D Type I with Uy (%)

1 Pren)lo—€) =0, 4.51)

il —n—l
(Py* Pyt @) i+€) =0 for A, =FIl, (4.52)

where the double sign of A/, corresponds to the double sign in Up(%),
(I1) Type II with Uy (a)

1=y I=hy—

Rt

v )i +€) =0 for azhi-- Ay =+1, (4.53)

.....

|

1k . )
(I —azhi APy 2 Pl @iy ) o — €) — (a1 — iaghy -+ 1))

=4 1=h,—1

><(7)1T Pl @ /\;)(11 +€)=0 otherwise. (4.54)

We first consider the case of Ui(+) (Ui(—)). The zero energy states with A| = +1
(A, = —1) can satisfy the connection conditions (4.38), (4.39) because the connection
conditions (4.38) do not yield non-trivial conditions for the states with A, = +1 (A, = —1),
and the connection conditions (4.39) are automatically satisfied due to (4.48). On the other
hand, the states with A/, = —1 (A, = +1) do not satisfy the connection conditions (4.51),
(4.52) because of the exponential factor in the solution. Thus, the degeneracy of the zero
energy states for the case of Uj(%) is given by 2"~!, and the supersymmetry is unbroken.

For the case of Uy(a), the zero energy states do not satisfy the connection conditions

(4.53), (4.54) with one exception. If the following relations are satisfied

I —as — eZW(lo—f), a; = m7 a, =0, 4.55)

1+as
all the states (4.50) are compatible with the connection conditions (4.54), then, the degeneracy
is 2". Hence, for the type II connection conditions, the supersymmetry is spontaneously
broken except for the above case.
Note that if a; = 0, the supercharge Q4, becomes physical. Then, the supersymmetry is
enhanced to the N = 2n + 1 supersymmetry.
In this model, Gp, P41 can be regarded as the ‘fermion’ number operator,

(=D = Gp, Puar. (4.56)
The Witten indices of Gp, P11, Pyt for Up(£) are given by

Awigy, P = 2", (4.57)
Aw.p,., =2""", only for W'(x) =0, (4.58)

where the double sign in equation (4.57) corresponds to the double sign in the Ur(£). For
Un(a), the Witten index of Gp, P,+1 vanishes because the zero energy states do not exist. Let
us comment on the special case (4.55), where we have the zero energy states. We note that
the supersymmetry is enhanced to the same N = 2n + 1 supersymmetry in the special case
(4.55) as that in the previous section.
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423. (c) Q8,...,0%. The N = 2n supercharges QF,..., Q8 form the N = 2n
superalgebra if V'(x) obeys (3.10). In this case, the constraints on the characteristic matrix U
are the same as in the case (a). The connection conditions are given by

([2n+1 - U)q>(p == O, (459)
Iy + U)®ps, =0, (4.60)

where U is given by (4.16) or (4.17).

For Ui(%), the Gz, (k = 1,2,...,n) and P,, are physical under the connection
conditions (4.59), (4.60) and commute with HZ. We can introduce simultaneous
eigenfunctions of HE, Gr, (k =1,2,...,n) and P, such that

HP g5, () = EQposy. i (%), (4.61)
ORPE oo (X) = Ak @E AL, e (), k=1,2,...,n, (4.62)
Prt1PE A, (X) = A1 QE; 0, der () (4.63)

Although the labels in ¢ increase, the degeneracy of the spectrum for £ > 0 states does not
increase in this model. The QZB i=12,...,2n),Gg, (k=1,2,...,n) and P, satisfy

Pus1 OF = —0F Puny for i=1,2,...,2n, (4.64)
-07PGr for i=2k—1,2k,
Gr Q=1 . (4.65)
+0;Gr, otherwise.
The supercharge Q% (i = 1,2, ..., n) changes not only the sign of ; but also the sign of A1,
so that no supercharge connects A; - - - A,41 = +1 states with A - - - 1,,,; = —1 ones. Therefore,
the degeneracy between the states with A; - - - A,4; = +1 and the states with Ay - - - A,4; = —1

is not guaranteed, so that the 2"*!-fold degeneracy is not ensured.
Since Q8 | = —iQ8 Gg, fork =1,2,...,nand

0%\ @Ea (X)) = =M OB 0p 0 (X) X PEG i, (X) (4.66)

for k = 1,2,...,n, 2"-fold degeneracy for E > O states is ensured. This result can also

be obtained from an algebraic point of view; for fixed non-zero energy E, O / VE for

i=1,2,...,2n form the Clifford algebra in 2n-dimensions, and the representation is known

as 2". P,y is regarded as a ‘fermion’ number operator (—1)% in the type I connection

conditions. For Uy(a), since P,.1, in general, is not physical, the degeneracy for £ > 0is 2".
The zero energy states satisfying Q2 ¢o(x) = 0 are formally

L1+ MG
kIR "
@0;1,.00 (X) = Ny 2, <1_[ Tk) eV, (4.67)

The zero energy states trivially satisfy half of the connection conditions (4.60). Under the
singular unitary transformation (3.85), the remaining connection conditions (4.59) can be
written by equations (4.21)—(4.24), and the zero energy states become

L+ MR
Pt () = V031,00, () = Niy i, (1"[ %) eV, (4.68)

Let us first discuss the case of Ui(+) (Ui(—)). We note that the connection conditions
(4.59) do not yield non-trivial conditions for the states with A} --- A, = +1 (A;--- X, = —1),
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while the other connection conditions (4.60) are automatically satisfied due to D8 ¢y(x) = 0.
On the other hand, we must check whether the states with A;--- 1, = —1(A;--- A, = +1)
satisfy the connection conditions (4.21), (4.22) or not. It is obviously impossible because of
the exponential factor in the solution. Hence the degeneracy for the zero energy states for the
case of U(%) is given by 2"~!, and the supersymmetry is unbroken. We have seen that once
we determine the connection conditions Up(=), the state with A; - - - X, = %1 can satisfy the
connection conditions.

For the type II connection conditions, the zero energy states (4.68) are found to be
inconsistent with the connection conditions (4.23), (4.24), so that there are no vacuum states
with zero energy. There is, however, an exception. If the following relation is satisfied

ay =1, (4.69)

all the states (4.68) accidentally become supersymmetric vacuum states compatible with the

connection conditions (4.24), then, the degeneracy is 2". Hence, for the type II connection

conditions, supersymmetry is spontaneously broken except for the above case. Note that if

ap = 0, the supercharge an ,+1 becomes physical; therefore the supersymmetry is enhanced to

the N = 2n + 1 supersymmetry, which is same as the type B model in the previous section.
The fermion number operators can be defined as

(=D =Gr, - Gr, for  U(%) or Un(a), (4.70)
(- =Py for Ui(x) or Un(a; = £1). 4.71)

For Ui (%), the Witten indices of Gg, - - - Gz, and P, are given by

Aw.ge, G, = 2", 4.72)
Aw.p,, =2""", (4.73)

where the double sign in equation (4.72) corresponds to the double sign in the Uy(%). Let us
comment on the special case of Uy (a) with a; = 1, where we have the zero energy states. We
note that the supersymmetry is enhanced to the same N = 2n + 1 supersymmetry even in the
special case of a; = 1 as that in the previous section.

424. (d) QF,...,08 . 0%.,. The N = 2n supercharges Q%,..., 08 0% . form
the N = 2n superalgebra if the V'(x) are assumed to obey (3.10). The characteristic matrix
U is again given by (4.36), (4.37). The connection conditions become

Iy = U)P, =0, 4.74)
(Iys1 + U)Pps, = 0. 4.75)
In this model, Gg, (k = 1,2,...,n — 1) and Gp, P, are physical and commute with H B,

Since these operators commute with each other, we can introduce simultaneous eigenfunctions
of HB,Gr, (k =1,2,...,n — 1) and Gp, P, such that

HP g5, 0, (0) = E@p, ., (%), (4.76)
GRyPE it (X) = M@PE i (X), k=1,2,...,n—1, 4.77)
(9P, Pas1) iy, (X) = Ay@piay, e (X). 4.78)
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Since
—Q?8Gr, for k=2i—1,2i,
GrOF =1, 5 . (4.79)
+07Gr, otherwise,
(Gp, Pus1) OF = —0F (Gp, Pus1) (4.80)
and Q% | = —iQB8 Gg, fork =1,2,...,n — 1, we have the relations
ng_lfﬂE;,\,,....A; (x) = —ikg ng‘pE;M,...,A;l (X) X PE o=, (X)),
k=1,2,...,n—1, (4.81)
0% 1@ (X) X QE, 3 (X)), (4.82)
Q%1 9E ..., (X) < QE, .y (X). (4.83)

Then, the degeneracy of the spectrum for £ > 0 is given by 2". This result can also
be obtained from an algebraic point of view; for fixed non-zero energy E, QiB / VE for
i=1,2,...,2n—1,2n+1 form the Clifford algebra in 2n-dimensions, and the representation
is known as 2".

The zero energy states are given by solving

d
DEpo(x) = [(Rl <+ R a) —Pur1(Ry -~ 'Rn+lV/(x)):| Po:a,, (X) = 0. (4.84)

The solutions are formally written by

n—1
1+ 1 1—
Por, e (X) = Noy (]_[ +2"ng>{< +2gR">+x; (%)}evm, (4.85)

k=1

The zero energy states trivially satisfy the half of the connection conditions (4.75). Under the
singular unitary transformation (3.85), the remaining connection conditions (4.74) become
equations (4.51)—(4.54), and accordingly, the zero energy states (4.85) become

G0y .r, (X) = V05,0, (X)

n—1
1+ MR 1+R, , (1 —R, ”
=N, . A:,(l_[ 2k k>{( 2 >+)»,.< 5 )}ev(). (4.86)
k=1

We first consider the case of Ui(+) (Ui(—)). The zero energy states with A, = +1
(A, = —1) can satisfy the connection conditions (4.74), (4.75) because the connection
conditions (4.74) do not yield non-trivial conditions for the states with A, = +1 (A, = —1),
and the connection conditions (4.75) are automatically satisfied due to D8 @y(x) = 0. On the
other hand, the states with A;, = —1 (1), = +1) do not satisfy the connection conditions (4.51),
(4.52). Hence, the degeneracy of the zero energy states for the case is given by 2"~!, and the
supersymmetry is unbroken.

For the case of Uy(a), the zero energy states (4.86) do not satisfy the connection
conditions (4.53), (4.54) with one exception. If

a =1, (4.87)

all the states (4.86) accidentally become supersymmetric vacuum states compatible with the
connection conditions (4.54), then, the degeneracy is 2". Thus, for the type II connection
conditions, the supersymmetry is spontaneously broken except for the above case.
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Table 1. The degeneracy of the spectrum in the N = 2n + 1 supersymmetric models.

Type  Parameters Degeneracy Witten index
A by=0and E>1c2 2
W) =0 g, [2 fobi=+l Awp,, =2
Wxy=c) = 2° {o forby = —1  (forby = 1)
Otherwise E>0 2"
2" for *
E=0 {0 otherwise 0
B by=0 E>0 2m+
E—0 {2" for b1 =+1 AWCPnH =2"
0 forby=-1 (forb;=1)
Otherwise E>0 2"
E=0 0 0

1=by _ 2W(lp—e)
* denotes , / b = © .

The fermion number operator can be introduced as
(=DF = Gp, Pust. (4.88)
For Ui (&%), the Witten indices of Gp, P, and P, are given by

Awgn P = £2"71, (4.89)
Ay.p,, =2""", (4.90)

where the double sign in equation (4.89) corresponds to the double sign in Uj(+£). For Uy (a),
the Witten index of Gp, P,+1 vanishes because the zero energy states do not exist. Let us
comment on the special case (4.87), where we have zero energy states. We note that the
supersymmetry is enhanced to the same N = 2n + 1 supersymmetry in the special case as that
in the previous section.

5. Summary

In this paper, we have studied in full detail the supersymmetry on a circle with 2" point
singularities placed at regular intervals. The two types of N = 2n + 1 supercharges (type A
and type B) are constructed in terms of the n + 1 sets of discrete transformations {Py, Ok, Ry}
(k=1,2,...,n+1). The singularities can be described by the connection conditions in our
formulation. We have found the connection conditions make all the supercharges physical, so
that the N = 2n + 1 supersymmetry can be realized under the connection conditions.

In our analysis, the connection conditions, under which an arbitrary subset of the
N = 2n + 1 supercharges is physical and others are not physical, can be obtained. Thus,
the N = 2n + 1 supersymmetry can be reduced to M-extended supersymmetry for any integer
M < N due to the connection conditions.

We have also studied the degeneracy of the spectrum in particular zero energy states in the
N = 2n + 1 supersymmetric models and some N = 2n supersymmetric models as examples
of the reduction of the supersymmetry. The energy eigenfunctions can be labelled by the
eigenvalues of the physical operators which commute with the Hamiltonian and each other.
The degeneracy of the spectrum for the states with £ > 0 has been obtained by discussing
the transition of the labelled states under the action of the supercharges. The analysis cannot
apply for the states with £ = 0. This is because the zero energy states satisfy Qgy = 0,
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Table 2. The degeneracy of the spectrum in the N = 2n supersymmetric models.

Type UporUn Degeneracy Witten index
a Ui() E>0 2" Awigr, Gr, = £2"7
E=0 2! Aw:p,,, = 2" for W (x) =0
Uri(a) E>0 2"
2" for *
E =
0 0  otherwise
b Ur(£) E>0 2" Aw.gp, Ppyy = £2"7!
E=0 2! Aw:p,,, =2""" for W(x) =0
U (a) E>0 2"
E=0 0 0
c Ui() E>0 2" Awigr, Gr, = £2"7
E=0 znfl AW:PHH — 21171
Uni(a) E>0 2"
E=0 0 0
d {ES) E>0 2" AWiGp, Py = 2"
E=0 2! Aw:p,, =2"""
Uri(a) E>0 2"
E=0 0 0

1— —e)—
* denotes . / TZI; = eWlh=0=W+o) g = /1 — (a3)2, a0 = 0,

that is, the transition does not occur. The zero energy states, however, satisfy the first-order
differential equation thanks to the supersymmetry, and the formal solutions can be obtained.
We have checked whether the formal solutions satisfy the connection conditions or not. The
degeneracy of the spectrum and the Witten index are summarized in tables 1 and 2.
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